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In this paper, inspired by the ultraviolet deformation of the Friedmann–Lemaître–Robertson–Walker 
geometry in loop quantum cosmology, we formulate an infrared-modiﬁed cosmological model. We obtain 
the associated deformed Friedmann and Raychaudhuri equations and we show that the late time cosmic 
acceleration can be addressed by the infrared corrections. As a particular example, we applied the setup 
to the case of matter dominated universe. This model has the same number of parameters as CDM, 
but a dynamical dark energy generates in the matter dominated era at the late time. According to our 
model, as the universe expands, the energy density of the cold dark matter dilutes and when the Hubble 
parameter approaches to its minimum, the infrared effects dominate such that the effective equation of 
state parameter smoothly changes from weff = 0 to weff = −2. Interestingly and nontrivially, the unstable 
de Sitter phase with weff = −1 is corresponding to m = d = 0.5 and the universe crosses the phantom 
divide from the quintessence phase with weff > −1 and m > d to the phantom phase with weff < −1
and m < d which shows that the model is observationally viable. The results show that the universe 
ﬁnally ends up in a big rip singularity for a ﬁnite time proportional to the inverse of the minimum of 
the Hubble parameter. Moreover, we consider the dynamical stability of the model and we show that the 
universe starts from the matter dominated era at the past attractor with weff = 0 and ends up in a future 
attractor at the big rip with weff = −2.
© 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Cosmological observations indicate that the Universe acceler-
ates positively at the small redshifts [1] which leads to the so-
called dark energy problem [2,3]. In the standard CDM model, 
cosmological constant dominates at the late time and derives cos-
mic speed-up. But, the models in favor of cosmological constant 
clue to the cosmological constant problem due to the possible 
identiﬁcation of the cosmological constant with the vacuum en-
ergy of the quantum ﬁelds [2,4]. Furthermore, increasing evidences 
from the cosmological data reveal that the energy density corre-
sponds to the dark energy evolves very slowly in time and the as-
sociated equation of state parameter lies in a narrow strip around 
w = −1 [1]. Thus, cosmological constant with sharp value w = −1
for the equation of state parameter is an appropriate candidate 
in the ﬁrst order of approximation [5]. In order to explain the 
dynamical nature of the dark energy, the quintessence scenarios 
with w > −1 and phantom models with w < −1 are proposed. 
In this respect, one usually interested in models which support 
the transition from the quintessence era to the phantom phase. 
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SCOAP3.These scenarios are usually based on two postulates: i) assum-
ing general relativity is applicable even on cosmological scales and 
then considering some sort of unusual matter component(s) cost-
ing violation of some energy conditions, ii) deformation of general 
relativity at the cosmological scales. For the ﬁrst case the matter 
source is usually given by a scalar ﬁeld [6–8] and for the lat-
ter case, there are many candidates such as the extra dimensions 
models, f (R) theories [9,10] and recently proposed massive grav-
ity models [11].
From the theoretical point of view, de Sitter spacetime is a 
maximally symmetric space and its constant curvature is com-
pletely determined by the cosmological constant. Apart from the 
very small variation of cosmological constant with time, it can be 
interpreted as a fundamental constant of nature much similar to 
the speed of light and Planck constant. It therefore provides a uni-
versal infrared (IR) cutoff (corresponding to the large length scale 
∼10−56 cm−2) for the universe. For instance, existence of cosmo-
logical constant as an IR cutoff is essential for the quantization 
of scalar ﬁeld in de Sitter spacetime. More precisely, it provides a 
minimum scale for the momenta of modes through the uncertainty 
principle and removes the IR divergences in this setup [12]. In this 
respect the uncertainty principle will be modiﬁed in curved space-
times in order to respect the existence of cosmological constant as under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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imal length scale is suggested by any quantum theory of gravity 
such as loop quantum gravity [14] and string theory [15]. It is also 
shown that the uncertainty principle is modiﬁed in the presence 
of a minimal length scale [16]. Thus, the uncertainty principle gets 
modiﬁcations in IR and ultraviolet (UV) regimes in order to re-
spect the existence of cosmological constant and minimal length 
scale respectively [17]. Taking these universal IR and UV cutoffs 
into account, the quantum ﬁeld theories turn out to be renormal-
izable [18]. Therefore, natural IR and UV cutoffs would be emerged 
in the context of ultimate quantum gravity theory. While the exis-
tence of a universal IR cutoff is supported by the standard general 
relativity framework through the de Sitter spacetime,1 there is not 
any explanation for the UV cutoff (minimal length scale) in this 
setup. On the other hand, a minimal length scale as a UV cut-
off emerges in loop quantum gravity framework [19] but there is 
not a well-deﬁned explanation for taking a cosmological constant 
into account in this setup (see however Refs. [20] where some 
attempts have done in this direction). In this paper, we follow 
the UV deformation of the Friedmann–Lemaître–Robertson–Walker 
(FLRW) universe in loop quantum cosmology and we construct the 
corresponding IR-deformed case. We show that the late time cos-
mic acceleration arises in this setup which is signiﬁcantly different 
from the CDM model such that the universe crosses the phantom 
divide from weff > −1 to weff < −1.
2. FLRW universe
The spatial part of the spatially ﬂat FLRW universe is 3-manifold 
M with the Euclidean isometry group and R3 topology. One then 
can ﬁx a constant orthonormal triad eai and a co-triad ω
i
a com-
patible with a ﬂat ﬁducial metric oqab on M . The corresponding 
gravitational phase space consists of pairs (Aia, E
a
i ) on M , where 
Aia is a SU (2) connection and E
a
i is its canonically conjugate ﬁeld 
[21]. Because of the symmetries of the 3-manifold M , all the in-
formation of the phase space variables (Aia, E
a
i ) are summarized in 
two variables (β, V ) which satisfy canonical Poisson algebra
{β, V } = κγ
2
, (1)
on two-dimensional phase space , where κ = 8πG (we work 
in unit c = 1, where c is the speed of light in vacuum) and 
γ ≈ 0.2375 is the Barbero–Immirizi parameter which is ﬁxed by 
the black hole entropy calculations in loop quantum gravity [22]. 
These variables are related to the old geometrodynamics variables 
as
β = γ a˙
a
, V = a3 . (2)
So, V is the comoving volume and its canonically conjugate vari-
able β is (up to a constant) the Hubble parameter.
Considering a perfect ﬂuid as a source for the matter content, 
the associated energy density consisting of non-relativistic and rel-
ativistic matters will be a function of volume as ρ = ρ(V ) and the 
corresponding Hamiltonian function is given by
H= − 3
κγ 2
β2V + ρV . (3)
The Hamiltonian system of the FLRW universe in terms of Ashtekar 
variables (β, V ) is therefore deﬁned by the relations (1) and (3) on 
1 Note that the anti-de Sitter spacetime with negative cosmological constant is 
also an appropriate candidate from the theoretical point of view. But it rejects by 
cosmological observations.two-dimensional phase space : The kinematics is deﬁned by the 
Poisson bracket (1) and the dynamical evolution is governed by the 
Hamiltonian (3). It is easy to show that the associated Hamilton’s 
equations together with the Hamiltonian constraint H ≈ 0 lead to 
the standard Friedmann and Raychaudhuri equations.
2.1. UV-deformed phase space
In loop quantum cosmology scenario however this Hamilto-
nian system gets holonomy corrections at the UV regime. At the 
semiclassical regime, these UV effects can be taken into account 
in two equivalent ways on the corresponding UV-deformed phase 
space λ . One can work in noncanonical chart on λ in which the 
Poisson bracket (1) gets UV modiﬁcation while the Hamiltonian 
function (3) retains its standard functional form [26]. Equivalently, 
one can also work in canonical chart on λ such that the form 
of Poisson bracket (1) remains unchanged and the Hamiltonian 
function (3) gets modiﬁed functional form [23]. These two differ-
ent representations are related to each other through the Darboux 
transformation and lead to the same Friedmann and Raychaudhuri 
equations [24,25]. In this paper we work in the ﬁrst picture in 
which the Poisson bracket gets UV modiﬁcation as [26]
{β, V } = κγ
2
√
1− λ2β2, (4)
where λ is the UV deformation parameter which is preferably 
of the order of the Planck length λ ∼ lPl. Clearly, β gets maxi-
mum value as β < λ−1 in this setup. More precisely, the space 
of β is compactiﬁed to a circle S1 with radius λ−1 [23]. The 
UV-deformed Poisson algebra (4) implies the following modiﬁed 
Hamilton’s equations
V˙ = {V ,H} = κγ
2
√
1− λ2β2 ∂H
∂β
, (5)
β˙ = {β,H} = −κγ
2
√
1− λ2β2 ∂H
∂V
. (6)
The above equations correctly reduce to the standard Hamilton’s 
equations in the limit of λ → 0. Substituting (3) into (5) gives
V˙ = 3V β
γ
√
1− λ2β2.
Using Hamiltonian constraint H≈ 0 and after some manipulations, 
it is straightforward to obtain the following UV-deformed Fried-
mann equation
H2 = κ
3
ρ
(
1− ρ
ρmax
)
, (7)
where H = a˙a is the Hubble parameter and we have also deﬁned 
ρmax = 3κγ 2λ2 . The energy density and the Hubble parameter get 
maximum bounds ρ ≤ ρmax and H < Hmax =
( κρmax
12
) 1
2 in this 
setup and the big bang singularity problem resolves such that the 
initial singularity in standard model of cosmology replaces with a 
bounce [27]. Existence of the minimal length scale as a UV cut-
off for the system thus naturally leads to the spacetime singularity 
resolution in cosmological setup. In this paper, we are interested 
to study the effect of the existence of an IR cutoff on the late time 
cosmic acceleration in order to address the dark energy problem. 
As we will show in the next subsection, taking an IR cutoff into 
account leads to the self-accelerating universe at the late time.
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In the absence of a fundamental theory at the IR regime, we 
would like to construct an IR-deformed Hamiltonian system fol-
lowing the way by which the UV cutoff is taken into account in the 
Hamiltonian system of the FLRW universe in loop quantum cos-
mology scenario. In loop quantum cosmology scenario, the space 
of β is compactiﬁed to a circle S1 which leads to the deformed 
Friedmann equation (7). For the case of the IR-deformed Hamil-
tonian system, we should explore the modiﬁcation of the space 
of V . At the ﬁrst glance, it seems that we should consider the 
modiﬁed S1 geometry for the space of V . But, let us more elab-
orate on this point. Indeed, the UV and IR cutoffs are universal 
and therefore the space of the associated variable should be max-
imally symmetric [28]. From the global point of view, for the case 
of one-dimensional space (with which we are interested in this 
paper) there are only two possibilities: a circle S1 with compact 
SO (2) symmetry and a hyperbolic space H1 with open SO (1, 1)
symmetry. For the UV-deformed phase space, the unique repre-
sentation of holonomy-ﬂux algebra ﬁxes the space of β to have 
SO (2) symmetry which local coordinatization (4) [21]. In the ab-
sence of any fundamental theory for the IR sector, we consider 
both of the possible symmetries SO (2) and SO (1, 1) for the space 
of V . Furthermore, inspired by the loop quantum cosmology sce-
nario, we work with Ashtekar variables and also consider the local 
coordinatization as same as (4). We therefore lead to two possible 
IR-deformed Poisson algebras
{β, V }± = κγ
2
√
1± α2V 2, (8)
where α is the IR deformation parameter with dimension of in-
verse of volume. Before applying the above IR-deformed Poisson 
algebras to the cosmological setup, let us more elaborate on the 
differences between these two IR-deformed models. For the case of 
minus sign, clearly there is a maximum value Vmax = α−1 for the 
volume of the universe such that V ∈ [0, α−1) while V ∈ [0, ∞)
for the case of plus sign. At the quantum level, the model with 
minus sign should be deﬁned on a lattice [25,29] while the model 
with plus sign leads to the generalized uncertainty relation. Fol-
lowing the way suggested in Ref. [30], it is straightforward to show 
that the associated uncertainty relation implies a minimum uncer-
tainty in measurement of the corresponding conjugate variable β
(see also Refs. [17,31,32]).
Taking the IR-deformed Poisson algebras (8) into account, the 
corresponding IR-deformed Hamilton’s equations are given by
V˙± = {V ,H}± = κγ
2
√
1± α2V 2 ∂H
∂β
, (9)
β˙± = {β,H}± = −κγ
2
√
1± α2V 2 ∂H
∂V
, (10)
where a dot denotes derivative with respect to the cosmic time t . 
In the limit α → 0, the Poisson algebra (8) and IR-deformed 
Hamilton’s equations (9) and (10) are reduced to their standard 
counterparts. Indeed, depending on the value of the deformation 
parameter α, the system continue to follow the standard non-
deformed classical trajectories and deviations start to dominate for 
the suﬃciently large scales: V ∼ α−1. Substituting the Hamiltonian 
function (3) into the relation (9) and then using the Hamiltonian 
constraint H≈ 0, it is straightforward to show that the IR-modiﬁed 
Friedmann equation will be
H2± =
κ
3
ρ
(
1± α2V 2
)
. (11)
Differentiating the above relation with respect to time t and then 
using the energy conservation relationρ˙ + 3H±(ρ + p) = 0 , (12)
which is not modiﬁed in this setup (since just the geometric parts 
are modiﬁed), one can easily obtain the following IR-modiﬁed Ray-
chaudhuri equation
H˙± = −κ
2
[
ρ
(
1∓ α2V 2
)
+ p
(
1± α2V 2
)]
. (13)
The IR effects would become signiﬁcant at large volume limit at 
the late time. We also expect that they would naturally address 
the late time cosmic acceleration. In order to understand the late 
time behaviors of the above IR-deformed models, we obtain the 
associated effective equation of state parameters. Deﬁning effective 
energy densities and pressures as ρ±eff = ρ(1 ± α2V 2) and p±eff =
p ∓ (2ρ− p)α2V 2 through the relations (11) and (13), the effective 
equation of state parameters w±eff = p±eff/ρ±eff can be easily obtained 
as
w±eff = w ∓
2α2V 2
1± α2V 2 , (14)
where w = p/ρ is the standard equation of state parameter. The 
above relation shows that w−eff ∈ [w, ∞) since V ∈ [0, α−1). This 
general result show that the minus sign in (8) cannot generate the 
late time cosmic acceleration. Invoking the cosmological observa-
tions which indicate that the universe accelerate at late time [1], 
we therefore abandon the minus sign. For the case of plus sign, 
however, we have w+eff ∈ (w − 2, w] when the volume changes as 
V ∈ [0, ∞). This is an interesting result since it shows that the 
plus sign in (8) can potentially address the dark energy problem 
[2,3]. In the next section we show that the late time cosmic ac-
celeration naturally arises even in the cold dark matter dominated 
universe.
3. Dark energy from natural IR cutoff
We are interested in the late time cosmic evolution where the 
radiation component is negligible. Also, we would like to address 
the dark energy problem in the presented setup. Therefore, we 
consider the cold dark matter (CDM) dominated universe with-
out cosmological constant. In this respect, our model has the same 
number of parameters as the standard CDM model such that the 
effects of cosmological constant will replace with IR parameter α.
Considering the energy density ρm = ρ0ma30a−3 for CDM in (11)
and (13) (for the plus sign since we have shown that the minus 
sign cannot produce acceleration), the IR-deformed Friedmann and 
Raychaudhuri equations for the CDM dominated universe in this 
setup are given by
H2 = κ
3
ρm
(
1+ ρ
2
min
ρ2m
)
, (15)
H˙ = −κ
2
ρm
(
1− ρ
2
min
ρ2m
)
, (16)
where we have deﬁned the minimum energy density
ρmin = αρ0ma30 . (17)
The above minimum energy density is deﬁned in the sense that at 
ρm = ρmin, the effective energy density
ρeff = ρm +
ρ2min
ρm
, (18)
has the minimum ρeff = 2ρmin. The existence of this minimum 
value for the effective energy density implies a minimum value 
772 M.A. Gorji / Physics Letters B 760 (2016) 769–774Fig. 1. The Hubble parameter versus the scale factor (as a clock) is plotted. While the 
Hubble parameter decreases with decreasing rate in the standard matter dominated 
era with w = 0 (the red dashed line), it decreases with increasing rate in our model 
until it approaches to its minimum (19) which is corresponding to an unstable de 
Sitter phase with w = −1 (the blue solid line). After crossing the phantom divide 
(w < −1) it starts to increase with increasing rate and ﬁnally it diverges at the big 
rip with w = −2 through the ﬁnite time (23). The ﬁgure is plotted for κ = 3 and 
ρmin = 1/3.
for the Hubble parameter through the relation (15) (see also the 
Fig. 1) which is given by
Hmin =
√
2κρmin
3
. (19)
Before scrutinizing the cosmological implication of the model, 
it is interesting to note that the IR-deformed Friedmann equation 
(15) can be also deduced from the f (R) theories for the particu-
lar case of f (R) = R + αR−1 [10]. Furthermore, it can be realized 
from the Cardassian models of dark energy which is investigated 
in the context of braneworld scenario [8]. In Cardassian model, the 
deformed Friedmann equation in matter dominated era is given by 
H2 = Aρm + Bρnm with A = κ/3 and B and n are two free param-
eters of the model. Our model can be realized as a special case by 
the relevant identiﬁcation B = κ3ρ2min and n = −1. Note that our 
model has also one parameter less than the Cardassian models.
Solving (18) for ρm = ρm(ρ) and then substituting for the ef-
fective pressure peff = pm + pd = pd gives
peff = −ρeff ± ρeff
√
1− 4
(ρmin
ρeff
)2
. (20)
The effective equation of state parameter is then given by
weff = peff
ρeff
= −1 ±
√
1− 4
(ρmin
ρeff
)2
. (21)
From the minimum bound that are arisen for the effective energy 
density as ρeff = 2ρmin, it is clear that the equation of state param-
eter (21) is also bounded as −2 ≤ weff ≤ 0 in complete agreement 
with our previous general treatment though the relation (14) (see 
Fig. 2). This range for weff shows that the model can produce the 
acceleration phase.
To study the fate of the universe, using the IR-deformed Fried-
mann equation (15) in the conservation relation for the effective 
energy densityFig. 2. The effective equation of state parameter versus the scale factor is plotted. 
It is clear that it is bounded as 0 ≤ weff ≤ 2 in this setup. The unstable point 
weff = 0 is corresponding to the matter dominated era. As the universe expands, 
the IR effects starts to dominate and after crossing an unstable de Sitter phase with 
weff = −1, it enters in a phantom phase with weff < −1. Finally, the universe ends 
up in a big rip at the ﬁnite time (23) with weff = −2. The ﬁgure is plotted for 
ρmin = 1.
˙ρeff + 3H(ρeff + peff) = 0 , (22)
and then substituting for the pressure from the relation (20) with 
minus sign (corresponding to the phantom phase) gives
trip − t = 1√
3κ
∞∫
2ρmin
dρeff√
ρeff(ρ
2
eff − 4ρ2min)
= σ H−1min , (23)
where σ = 2
√
π
3
[5/4]
[3/4] ≈ 0.874 and also we have used (19). 
Clearly, the integration in (23) is performed from the lower bound 
ρeff = 2ρmin corresponding to the unstable de Sitter phase with 
weff = −1 (through the relation (21)) to the ﬁnal state with 
ρeff → ∞ and weff = −2. Thus, t denotes the time at which the 
system is in unstable de Sitter phase with effective cosmologi-
cal constant IR = 2κρmin = 2καρ0ma30 and trip corresponds to a 
big rip since the effective energy density and Hubble parameter 
diverge at ﬁnite time (23) [33]. To be more precise, we should ob-
tain the scale factor at the time of big rip. Substituting pressure 
from the relation (20) with minus sign into the relation (22) and 
integrating gives the following integral for the scale factor at the 
big rip
a = exp
⎡
⎢⎣1
3
∞∫
2ρmin
dρeff√
ρ2eff − 4ρ2min
⎤
⎥⎦−→ ∞ , (24)
which shows that it diverges for inﬁnite energy density at the big 
rip. From (20) it is clear that the pressure also diverges at the time 
(23) and therefore the universe ﬁnally ends up in a big rip with 
ρeff, |peff|, a → ∞ and weff = −2 at the ﬁnite time (23). A big rip 
is the common fate of the phantom dominated universe [34]. At 
suﬃciently high energy regime ρeff 
 ρmin, the IR effects are neg-
ligible and relation (18) gives ρeff ≈ ρm which is corresponding 
to the standard matter dominated era and therefore the standard 
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era can be recovered in this regime.
Note that ﬁxing the IR deformation parameter of the model 
α (or equivalently ﬁxing ρmin), which replaces the cosmological 
constant in comparison with the CDM, immediately ﬁxes all the 
observable parameters such as the equation of state parameter weff
and density parameters m and d . Thus, ﬁtting the density pa-
rameter d with the observational data immediately gives a ﬁxed 
value for the effective equation of state parameter weff = weff(d)
which shows the naturalness and predictiveness of the model. In-
terestingly, the cases weff > −1 and weff < −1 are corresponding 
to m > d and m < d respectively which shows the model is 
observationally viable. While the model qualitatively is relevant, in 
contrast to the dynamical dark energy models, it may not ﬁt the 
observational data in a very precise manner. But, note that the dy-
namical dark energy models such as the model based on the scalar 
ﬁelds [35] have at least one parameter more that our model and 
CDM. We could therefore consider another model with more ad-
justable parameters which ﬁts the observational data in a more 
precise manner. For instance, adding even a massless scalar ﬁeld 
to the matter content can produce cosmological constant like term 
at late time in this setup. We are going to study such a setup 
in a new research program [36]. Moreover, similar to the theo-
ries which deals with the geometric deformation of the Einstein’s 
equations at the late time such as f (R) theories [10,9] and recently 
proposed massive gravity models [11], our setup can produce an 
accelerating universe and crossing the phantom divide without vi-
olating any energy condition.
4. Autonomous system and dynamical stability
In this section we consider the dynamical stability of the self-
accelerating CDM dominated universe that is presented in the pre-
vious section. We deﬁne the energy density and pressure of the 
dark energy component as
ρd =
ρ2min
ρm
, (25)
pd = −2ρd = −2
ρ2min
ρm
. (26)
Using energy conservation relation ρ˙m + 3Hρm = 0 for the pres-
sureless CDM, it is easy to show that the energy density (25) and 
pressure (26) satisfy the following conservation relation
ρ˙d + 3H(ρd + pd) = ρ˙d − 3Hρd = 0 . (27)
The IR-deformed Friedmann equation (15) then rewrites as
H2 = κ
3
(ρm + ρd). (28)
From the above relation and the energy conservation relation (27), 
one could easily ﬁnd the IR-deformed Raychaudhuri equation
H˙ + H2 = −κ
6
(ρm − 5ρd) . (29)
As it is clear from the above relation, the energy density of the 
dark energy ρd which purely originates from the IR effects, ap-
pears with the minus sign which show how it generates cosmic 
acceleration at the late time.
In order to consider the dynamical stability of the model, we 
work with the well-known dimensionless density parameters
m = κρm2 , d =
κρd
2
, (30)3H 3Hin terms of which the IR-deformed Friedmann equation (28) be-
comes
m +d = 1 . (31)
From the deﬁnition (25) and using the IR-deformed Friedmann 
equation (15) together with the deﬁnition of the effective energy 
density (18) it is easy to show that
md =
H4min
H4
= ρ
2
min
ρ2m
, (32)
where we have also used the relations (17) and (19). This relation 
is useful to study the qualitative behavior of the model.
Taking the time derivative of the dark energy density parameter 
as ˙d = d
(
ρ˙d
ρd
− 2 H˙H
)
, and then substituting from the relations 
(27), (28) and (29) gives
dd
dτ
= 6d(1−d) , (33)
where τ = lna and we have also eliminated the CDM density pa-
rameter m by means of the constraint equation (28). As it is 
clear from (33), the space of states is the one-dimensional seg-
ment d ∈ [0, 1] and there are two critical points d = 0 and 
d = 1 in this model. The critical point d = 0 clearly corresponds 
to the matter dominated era with m = 1 and the point d = 1 is 
corresponding to the dark energy dominated era with m = 0. In 
order to consider the stability of the model, we should consider 
the linear perturbation of the equation (33) around these criti-
cal points. Considering the small perturbations d = δ1 → 0 and 
d = 1 − δ2 → 1 in relation (33) immediately leads to the follow-
ing differential equations [37]
dδ1
dτ
= 6δ1, dδ2
dτ
= −6δ2, (34)
which have the following solutions
δ1 = c1e6τ , δ2 = c2e−6τ , (35)
where c1 and c2 are constants of integrations. The point d = 0
will be a past attractor since the initially small perturbation δ1 in-
creases exponentially with time and then taking the system away 
from the matter dominated era m = 1. The perturbation δ2, how-
ever, decreases exponentially with the time which shows that the 
point d = 1 is a stable equilibrium point. This is a future attractor 
solution which is corresponding to a big rip at the time (23) with 
w = −2. While the total energy density behaves as ρ  ρm at the 
past attractor point d = 0 (m = 1 matter dominated era) and 
the scale factor behaves as a ∝ t2/3, it behaves as ρ ∝ ρ−1m ∝ a3 at 
the future attractor point d = 1 (m = 0 dark energy dominated 
era) and therefore the scale factor would behave as a ∝ t−2/3.
5. Summary and conclusions
Cosmological observations show that the universe accelerates at 
small redshifts and the cosmological constant derives the desired 
acceleration in standard CDM cosmology. In the context of gen-
eral relativity, the cosmological constant can be interpreted as a 
universal IR cutoff. Quantum gravity candidates such as loop quan-
tum gravity and string theory also suggest the existence of a min-
imum length scale of the order of the Planck length. The ultimate 
quantum theory of gravity then should contain universal IR and UV 
cutoffs. While the standard general relativity accommodates the 
existence of IR cutoff through the de Sitter spacetime with posi-
tive cosmological constant, it cannot support the existence of a UV 
774 M.A. Gorji / Physics Letters B 760 (2016) 769–774cutoff. On the other hand, loop quantum cosmology scenario sug-
gests the existence of a minimum length scale as UV cutoff for 
the system under consideration, but it does not support the exis-
tence of any IR cutoff. In this paper, following the UV deformation 
of the FLRW gravitational phase space in loop quantum cosmology, 
we have formulated deformed phase space which supports the ex-
istence of an IR cutoff. We obtained the associated IR-deformed 
Friedmann and Raychaudhuri equations and we showed that the 
IR corrections derives the late time cosmic acceleration. The model 
has the same number of parameters as CDM such that the IR 
effects replace the effects of cosmological constant. But, the dy-
namics of the universe in our model is very different from the 
standard CDM cosmology. For instance the Hubble parameter and 
energy density turned out to be bounded from the below in this 
model. As a particular example, we applied the setup to the simple 
case of CDM dominated universe. We divide the cosmic evolution 
in this model into the following three phases:
• Quintessence phase (−1 < weff ≤ 0): The universe starts from 
the standard matter dominated era with equation of state pa-
rameter weff ≈ wm = 0 for ρeff 
 ρmin when the IR effects are 
negligible. In this phase, as the universe expands and the total 
energy density (18) dilutes, the IR effects become more and 
more appreciable up to ρeff ∼ ρmin. The effective equation of 
state parameter, which is given by the plus sign of the relation 
(21) in this regime, then smoothly decreases from weff = 0 in 
matter dominated era to the negative values w < 0 and the 
universe starts to accelerate when it crosses over the value 
weff = − 13 . From the relations (21) and (32), it is clear that 
the accelerating phase with −1 < weff < − 13 is corresponding 
to m > d .
• Unstable de Sitter phase (weff = −1); Transition from weff > −1
to weff < −1: The effective equation of state parameter (21)
then approaches to the value weff = −1 when the energy den-
sity of CDM approaches to the critical value ρm = ρmin. At this 
momentum the Hubble parameter approaches to its minimum 
H = Hmin that is corresponding to an unstable de Sitter phase 
with effective cosmological constant IR = 3H2min = 2καρ0ma30. 
From (21) and (32), one can easily see that the model in-
cludes a transition from the quintessence era with w > −1
and m > d to the phantom phase with weff < −1 and 
m < d when crossing over the unstable de Sitter phase with 
weff = −1 and m = d . This result makes the model obser-
vationally viable.
• Phantom phase (−2 ≤ weff < −1): After the universe enters 
into a phantom era with weff < −1 and m < d , the effec-
tive equation of state parameter decreases until approaches to 
its asymptotic value weff = −2 where the universe ends up in 
a big rip singularity at the ﬁnite time (23).
We have also considered the dynamical stability of the model 
which shows that, in this model, the universe starts at a past at-
tractor in matter dominated era (weff = 0) and after crossing an 
unstable point, corresponds to a de Sitter phase (weff = −1), it ap-
proaches to a future attractor (weff = −2) which is corresponding 
to the big rip singularity.
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